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This paper proposes a new configuration for a tethered satellite system, named the “clustered electrodynamic

tether system.”This configuration consists ofmulti-electrodynamic tethered satellite systems located in a record disk

orbit, which is a useful orbit for formationflight ofmultisatellite. Themain difference of the clustered electrodynamic

tether system from usual constellation flight configurations is that the clustered electrodynamic tether system uses

tethers. This new configuration, thus, can be interpreted as constellation flight both toward out-of-plane direction

using a record disk orbit, and in-plane direction using tethers. If librational motion of the clustered electrodynamic

tether system is synchronized, the clustered electrodynamic tether system can serve as a platform system to

periodically capture launched payloads and to move them to higher altitude, or a system to periodically observe the

atmosphere at different altitudes at the same time. To synchronize the librational motion of the clustered

electrodynamic tether system, control methods based on theKuramotomodel are proposed. TheKuramotomodel is

amathematical model that can be used to describe synchronized behavior of a large set of coupled oscillators. In this

paper, the proposed control methods are validated by numerical simulations.

Nomenclature

a = major axis, km
â, b̂ = minor and major radius of the record disk orbit

projected on the x-y plane of the Hill’s coordinate,
respectively, km

B = Earth magnetic field vector, T
Cx, Cz = Direct cosine matrix around the x, and z axis,

respectively
e = eccentricity
f = the equations of motion for the clustered

electrodynamic tether systems
�f = the equations of motion of the total system

associated with �x
Gxyz = orbital frame
h = specific angular momentum,

h�
�������������������������������������
�a�1 � e��1� e�

p
, m2=s

hj = orbital vector of the jth tethered satellite system
I = electric current on the tehter, A
Is = moment of inertia of each tethered system around

the center of mass, kgm2

i = inclination, rad
i, j, k = unit vectors along the Gx, Gy, and Gz,

respectively
K = control gain for the Kuramoto model-based

control

Kdfc = congrol gain for delayed feedback control
L = length of tether, km
‘ = distance along the tether from the subsatellite, km
l̂ = unit vector along the tether in the orbital frame
M��� = monodromy matrix
m = mass of the system�m1 �m2, kg
m1, m2 = mass of the mother satellite, and subsatellite,

respectively, kg
N = the number of the tethered systems on the record

disk orbit� 3
pcmj = position of the mass center of the jth tethered

satellite system in the inertia frame
r = orbital radius, km
rpj = periapsis direction vector of the jth tethered

satellite system
Te = torque induced by the electrodynamic force, Nm
TG = gravity gradient torque, Nm
x = state variables of the clustered electrodynamic

tether system
�x = vector of tether angles and angular velocities, �x�

��1; �1; _�1; _�1; �2; �2; _�2; _�2; �3; �3; _�3; _�3�T
�x; y; z� = satellite position in the Hill’s reference frame
�xc; yc� = center of the record disk orbit in the x-y plane of

the Hill’s coordinate, km
� = bias phase argument� 2�=3 rad
" = the control inputs vector, "� �"1; "2; "3�T
"j = electrodynamic parameter for the jth

electrodynamic tethered system
� = true anomaly, rad
� = in-plane tether angle, rad
�max,

_�max = maximum value of the in-plane angle and in-plane
angular velocity of the periodic motion

j�j = modulus of eigenvalue of the monodromy matrix
� = Earth gravity constant� 3:98613 � 105 km3=s2

�m = intensity of the Earth magnetic dipole� 8:1 �
106 T km3

	j = angular velocity of the jth system in a Kuramoto
model system, rad=s


1i, 
2i = phase argument of the ith tethered system for the
Kuramoto model-based controllers 1 and 2,
respectively, rad
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$ = argument of the perigee, rad
� = mass ratio�m2=m
� = radius of the record disk, km
� = delayed-time for a delayed feedback control, s
� = out-of-plane tether angle, rad
�max, _�max = maximum value of the out-of-plane angle and out-

of-plane angular velocity of the periodic motion
 = inclination of a record disk plane from the orbital

plane of the virtual satellite� �=3 rad
�j = longitude of the ascending node of jth tethered

satellite system, rad
! = orbital rate, rad=s
� �0 = differential operation with respect to true anomaly

I. Introduction

T HE formation flight of multiple small satellites, which can
synthesize the functionality of virtual large satellite, offers great

promise for future space exploration.Because it has advantages, such
as ease of keeping and changing the mission configuration by
replacing a malfunctioning satellite with a new one, many missions
have been proposed for the formation flight, such as “Laser
Interferometer Space Antenna,” or LISA [1]. The details of the
parameters of the formation flight are summarized in [2,3].

A special configuration of the formation flight is known as a
“record disk orbit” flight. In this configuration, the relative motion of
multiple satellites is seen as a flight around the center of the so-called
record disk plane at the same rate as the orbital rate, which implies
that the satellites are at almost the same altitude.

Tethered satellite systems (TSS) are one of the formation flight
configurations. The electrodynamic tether (EDT) systems, which are
particular cases of the TSS, are expected to enable many future space
missions such as reboosting of satellites, deorbiting space debris, and
so on [4]. To fully understand the nature of the tethered satellite
systems, and to propose new applications of tethered systems, the
dynamics and control of the librational motion of nonelectro and
electrodynamic tether systems have been investigated in numerous
papers.

The librational motion of a constant length dumbbell model in
elliptic orbits was first studied by Schechter [5]. The stability of the
librations of gravity gradient satellites was studied by Modi and
Brereton [6] andBrereton andModi [7,8]. Swan [9] found that the in-
plane librational motion of a tether system is driven by themagnitude
of the orbit eccentricity and showed that the motion begins tumbling
at an eccentricity of 0.355. Kumar andKumar [10] studied open-loop
librational control for tethers in elliptic orbits. Fujii and Ichiki [11]
studied the effect of eccentricity and tether elasticity on themotion of
a tethered system during station-keeping using Poincaré maps,
bifurcation diagrams, and Lyapunov exponents. Fujii et al. [12] also
showed that the chaotic librational motion of a tethered satellite in
elliptic orbits can bemade periodic by employing a delayed feedback
control [13], assuming actuators via thrusters. Takeichi et al. [14]
studied the effect of atmospheric drag on a three-dimensional
librations of single or multiple tethered systems. Takeichi et al.
[15,16] also considered a control of the librational motion of a
tethered system in an elliptic orbit using periodic inputs via thrusters
and deployment and retrieval. Kojima et al. [17,18] applied
decoupled control methods combined with delayed feedback control
to stabilize a three-mass tethered satellite system in an elliptic orbit
with low eccentricity.Kojima and Sugimoto [19] showed that the odd
number condition [20] exists for the in-plane librational motion of a
three-mass tethered system in inclined elliptic orbits with high
eccentricity by analyzing the moduli of eigenvalues of the
monodromy matrix of motion, and also have proposed switching
delayed feedback control to stabilize a chaotic librational motion of
EDT in inclined elliptic orbits to periodic motions [21]. Peláez et al.
[22], Peláez and Lara [23], Peláez and Lorenzini [24], and Peláez and
Andres [25] studied periodic solutions and the delayed feedback
control for EDT systems in inclined orbits. Williams presented a
librational control for a tethered system in elliptic orbits with high
eccentricity using a periodically changed tether length obtained by a

linear receding horizon tracking controller [26], and proposed a
librational control for a flexible tether using electromagnetic force
and a movable attachment [27]. He also presented the periodic
solution under forced current variations [28,29], proposed the energy
rate control feedback [30], and the time-delayed predictive control
[31] for the librations of an electrodynamic tether system. Iñarrea and
Peláez [32] have applied an extended delayed feedback control to
libration of electrodynamics tether system.

Contrary to the usual formation flight through multiple satellites
without tethers, the altitude of satellites in TSS can be varied
considerably by deploying long tethers. However, the papers cited
above have treated traditional configurations of TSS, that is, only two
satellites connected with each other through a tether. To extend the
possibility of TSS, it is desired to introduce more sophisticated
configurations. Recently, Pizarro–Chong and Misra [33] have
proposed a hub-and-spoke tether configuration, Zhaoa and Cai [34]
have proposed a new tethered system on aHalo orbit, andChung [35]
has proposed a decentralized nonlinear control framework for
spinning tethered formation flying arrays and validated its effec-
tiveness using the tethered formation flying testbed. These tethered
systems are spinning tethered systems inwhich the formationflight is
kept by the balance of the centrifugal force and tether tension.

The traditional gravity gradient stabilized tethered systems can be
regarded as an in-plane formation flight incapable of out-of-plane
formation, while a record disk orbit can be regarded as an out-of-
plane formation flight, but has difficulty in carrying out out-of-plane
formation with considerable altitude difference.

In this paper, we propose a new configuration of the electro-
dynamic tethered system, called the “clustered electrodynamic tether
system,” or CEDTS, which keeps multiple electrodynamic tether
systems constrained to a “record disk” orbit. Because this config-
uration inherits advantages from the formation flight satellites set on
a record disk orbit, and gravity gradient stabilized tethered systems, it
can be regarded as a formation flight configuration both toward in-
plane and out-of-plane direction, and thus, it can offer new future
missions such as observation of high altitude atmosphere at different
points at a constant interval. If the librational motion of CEDTS is
synchronized with each other, the system can serve as a sky hook to
periodically pick up launched payloads, or to periodically observe
the atmosphere at different altitudes at the same time, and so on.

As mentioned above, librational motion of electrodynamics
tethered system was often controlled by delayed feedback control.
However, delayed feedback control (DFC) cannot be directly applied
to CEDTS. This is because the CEDTS consists of multiple
electrodynamic tethered subsystems, and even if the librational
motion of each of the EDT subsystems is controlled by DFC, it does
not guarantee the stability of the whole CEDTS systems. Besides,
DFC requires past data to determine the control input. This
requirement would be undesired for spacecraft whosememory size is
not so large to record the past data for the DFC.

To overcome this problem, instead of DFC, we propose two
control methods based on the Kuramoto model [36]. Because the
Kuramoto model is a mathematical model that can be used to
describe synchronized behavior of a large set of coupled oscillators,
and it does not need past data, but refers to the phase difference
among systems to determine the control input, it is desired to
synchronize the librational motion of CEDTS. In this paper, stability
of the proposed control methods is analyzed with respect to the
control gain for theKuramotomodel, and then numerical simulations
are carried out to validate the proposed control schemes.

The remainder of this paper is organized as follows: in Sec II,
configuration of CEDTS is described, where conditions for a record
disk orbit, on which the multiple tethered satellite systems are
constrained, the Earth magnetic field model, and the multiple
tethered system CEDTS are explained. In Sec III, control methods
based on the Kuramoto model are proposed to synchronize the
librational motion of CEDTS. In Sec IV, stability of the proposed
control methods are analyzed with respect to the control gains, and
the results of numerical simulations are shown to prove the validity of
the proposed control schemes. Finally, the conclusion of this paper is
given in Sec V.
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II. Clustered Electrodynamic Tether System

A. Tether System

We assume that the center of mass of the system follows an
unperturbed Keplerian inclined elliptic orbit. In this case, the orbital
radius is given by

r� a�1 � e2�
1� e cos � (1)

In this study, the electrodynamic tether system is assumed to be a
dumbbell model, as shown in Fig. 1. This system consists of amother
satellite, subsatellite, and tether. The mother satellite and subsatellite
are labeled 1 and 2, and are assumed as particle masses,m1, andm2,
respectively. The tether is assumed to be conductive, rigid body
without mass and moment of inertia, but with length L. The moment
of inertia of the system around the center of mass of the system is
given by

Is �m��1 � ��L2 (2)

Let Gxyz be an orbital frame whose origin is located at the center
of mass of the system, theGx axis along the local vertical pointing to
zenith andGz axis normal to the orbital plane, andGy axis be a cross
product of Gz and Gx, as shown in Fig. 1. The in-plane and out-of-
plane angles � and � are considered as the state variables. The unit
vector along the tether in the orbital frame is given by

l̂� cos � cos�i� sin � cos�j� sin�k (3)

To simplify the analysis, only gravity and Lorentz force are treated
as the external forces affecting the attitude dynamics of the tethered
satellite system. The gravity gradient torque is given by

TG 	
3�

r3
Is�l̂ � i��l 
 i� �

3�

r3
Is�sin� cos� cos �j

� cos2� sin � cos �k� (4)

To calculate the Lorentz torque affecting the EDT system, it is
necessary tomodel themagneticfield. In this study, a nontilted dipole
model, as shown in Fig. 2, is used to describe the Earth’s magnetic
field. Assuming the origin of the geocentric inertia frame is the center
of the mass of the Earth, the magnetic field is given by using the
orbital elements shown in Fig. 3 as follows:

B � �m
r3

�2 sin i sin�$ � ��
� cos i

sin i cos�$ � ��

0
@

1
A (5)

In this paper, it is assumed that the magnetic field is constant along
the tether and equal to that of the center of the mass of the tethered
system, and that the electric current is a time-varying parameter, but
is constant along the tether. In this case, the torque induced by the
electrodynamic force is obtained as

T e � l̂ � �l̂ �B�J1 (6)

where

J1 �
Z
L

0

�‘ � �L�I d‘ (7)

We assumed that both positive and negative electric currents can
be applied to the system. This means that the tether in this study is
insulated and an electron collector and a plasma contactor need to be
present at both ends of the tether. These assumptions will have to be
removed if the bare tether is used for EDT systems, because the
electric current distribution is not constant on the tether and the
presence of an electron collector and a plasma contactor at both ends
of the tether leads to increase of weight.

The electrodynamic parameter ", which expresses the ratio
between the electrodynamic torque and gravity gradient torque, is
introduced as

"� �J1=Is���m=�� (8)

Under assumption Eq. (1), and replacing the independent variable
time t with the true anomaly � using the following relations:

d� �
dt
� d� �

d�

d�

dt
� h

r2
� �0 (9)

d�

dt
� �

2�1� e cos ��2
h3

(10)

d2�

dt2
��2e�

4�1� e cos ��3 sin �
h6

(11)

the equations of motion are obtained as follows [25]:

�00 � 2�0 tan���0 � 1� � 3 sin � cos �� e�2h1�e; ����0 � 1�
� 3h2�e; �� sin � cos �� � "�tan� sin if2g1�e;$; �� cos �
� g2�e;$; �� sin �g � g3�e; �� cos i� (12)

�00 � ���0 � 1�2 � 3cos2�� sin� cos�� e�2h1�e; ���0

� 3h2�e; �� sin� cos �cos2�� � " sin i�2g1�e;$; �� sin �
� g2�e;$; �� cos �� (13)

where h1, h2, g1, g2, and g3 are functions given by

h1�e; �� �
sin �

1� e cos � (14)

x

y

z

E

θ

φ

i

j
k

m

m1

2

L G

Fig. 1 Dumbbell-modeled tethered system, orbital frame and the

definition of tether librational angles.
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Fig. 2 Nontilted dipole model.
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Fig. 3 Orbital elements.
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h2�e; �� �
cos �

1� e cos � (15)

g1�e;$; �� �
sin�$ � ��
1� e cos � (16)

g2�e;$; �� �
cos�$ � ��
1� e cos � (17)

g3�e; �� �
1

1� e cos � (18)

In this study, the electrodynamic parameter " is treated as the
control input, and the tether angles � and � are treated as the output
variables, or controlled variables.

Note that the above governing equations ofmotion are represented
in terms of the true anomaly. The clustered tethered satellite system,
which will be explained in the following subsection, consists of
multiple tethered satellite systems located on a record disk orbit, and
each of the tethered satellite system has a different longitude of the
ascending node and true anomaly. This implies that the above
governing equations cannot be directly integrated using the same true
anomaly for the clustered tethered satellite system. Therefore, to
obtain the librational motion of the clustered tethered satellite
system, the above governing equations of motion must be integrated
with respect to the real time and the true anomaly of each tethered
satellite system by taking Eqs. (9–11) into consideration. In addition,
tethered systems in elliptic orbits have a chaotic nature and thus a
sophisticated control method is required to obtain and to maintain a
periodic motion.

B. Record Disk Orbit

To simplify the explanation, here the center of a record disk orbit is
referred to as the virtual satellite, and the other satellites, which are in
formation flight with the virtual satellite, are referred to as the deputy
satellites. Let the center of the virtual satellite be the origin of the
reference frame to describe the position of the deputy satellites
relative to the virtual satellite. Let the direction from the center of the
Earth to the virtual satellite be the x-axis, and normal direction with
respect to the orbital plane of the virtual satellite be the z-axis, and the
cross product of the z-axis and the x-axis be the y-axis of the
reference frame. This frame is referred to as the Hill’s coordinate.

If no external acceleration affects the satellite, then the solutions of
relative motion of the deputy satellite in the Hill’s coordinate are
obtained as [37]:

x� _x�0�
!

sin!t �
�
3x�0� � 2_y�0�

!

�
cos!t� 4x�0� � 2_y�0�

!
(19)

y� 2_x�0�
!

cos!t�
�
6x�0� � 4_y�0�

!

�
sin!t� y�0� � 2_x�0�

!

� �6!x�0� � 3_y�0��t (20)

z� _z�0�
!

sin!t� z�0� cos!t (21)

where �x�0�; y�0�; z�0�� and � _x�0�; _y�0�; _z�0�� are the initial position
and velocities, respectively.

To obtain a constant formation flight configuration, the term in
Eq. (20) proportional to time t, (6!x�0� � 3_y�0�),must be set to zero,
that is:

2!x�0� � _y�0� � 0 (22)

Under this condition, the trajectory of the deputy satellite in the x-y
plane is an ellipse that has its center at

�xc; yc� �
�
0; y�0� � 2

_x�0�
!

�
(23)

and minor and major radius of

â�
������������������������������������
x2�0� � _x2�0�=!2

p
(24)

b̂� 2
������������������������������������
x2�0� � _x2�0�=!2

p
(25)

in the x-axis, and y-axis, respectively. In addition, if the initial
position and velocity in the z-axis are selected as

z�0� � x�0� tan (26)

_z�0� � _x�0� tan (27)

and  is selected as  � �=3, then the motion in the z-axis has the
same phase as that in the x-axis, and the trajectory in the Hill’s
coordinate becomes a circle of radius

� � 2
������������������������������������
x2�0� � _x2�0�=!2

p
(28)

This trajectory, shown in Fig. 4, is well known as a cart orbit, or a
record disk orbit.

Figure 5 shows the geometrical relation between the inclination i
and eccentricity e in the record disk orbit, which is drawn from a side
view. If the relative inclination 2i and eccentricity e are small enough
to treat the geometrical relation in term of linearity, the parameter  
can be represented as

 � arctan

�
i

e

�
(29)

whichmust be�=3 to obtain a record disk orbit, therefore, the relative
inclination i must be related to the eccentricity e, by

i�
���
3
p
e (30)

Earth

z

y
x

3

πψ =

Circular 
Orbit

Disk orbit

Fig. 4 Record disk orbit.

4ae
(1 )a e+

(1 )a e−

2i

2ae

2ai

arctan
3

i

e

πψ = =

Fig. 5 Geometrical relationship of the record disk orbit.
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As the result, the radius of the record disk � is obtained as

� � 2ae (31)

C. Calculation of Relative True Anomaly

As mentioned earlier, because each tethered system of the
clustered tethered satellite systems has different true anomaly, and
changing rate of the true anomaly depends on the true anomaly, the
governing equations of the tethered satellite systems cannot be
directly integrated using the same true anomaly for the clustered
tethered satellite systems. Therefore, to obtain the librational motion
of the clustered tethered satellite systems, the equations of motion
must be integrated with respect to the true anomaly of each tethered
system and the real time.

In this subsection, for simplicity, we assume that the virtual
satellite of the record disk is orbiting on the equator plane, the initial
true anomaly is, then, determined for each tethered system on the
record disk orbit. Suppose that there exist N tethered systems on
the record disk orbit, and one of them, that is hereafter treated as the
representative one, is located on its perigee at the initial time.

In order for the systems to form the record disk orbit under the
above assumptions, the longitude of the ascending node must be
distributed with the same interval of phase argument, and all the
systems have the same inclination i and argument of periapsis
$ � �=2 or $ � 3�=2. Because the nontilde dipole model is
assumed for the Earth magnetic field, without loss of generality, the
longitude of the ascending node of each system,�j, can be given by

�j � 2�
�j � 1�
N

; j� 1; 
 
 
 ; N (32)

as shown in Fig. 6. The periapsis direction and orbital vectors of each
system in the inertia frame, rpj and hj are, respectively, given by

r pj � Cz��j�Cx�i�Cz�$�
1

0

0

2
4

3
5 (33)

h j � Cz��j�Cx�i�Cz�$�
0

0

1

2
4

3
5 (34)

where Cx�
� and Cz�
� are direct cosine matrices that are,
respectively, given by

C x�
� �
1 0 0

0 cos 
 � sin 

0 sin 
 cos 


0
@

1
A (35)

C z�
� �
cos 
 � sin 
 0

sin 
 cos 
 0

0 0 1

0
@

1
A (36)

In addition, suppose that the tethered satellite systems are located
with the same interval of phase argument on the record disk orbit, as
shown in Fig. 7. In this case, recalling that the representative one is
located on the perigee, and that the radius of the record disk is
� � 2ae, the position of the mass center of each tethered satellite
system in the inertia frame pcmj is given by

pcmj � Cz��1�Cz�$�

8>><
>>:

a

0

0

0
B@

1
CA

� 2ae

cos�2���j � 1�=N� � �� cos 
sin�2���j � 1�=N� � ��

cos�2���j � 1�=N� � �� sin 

0
B@

1
CA
9>>=
>>;

(37)

As a result, the initial true anomaly of each system is determined as

�j � atan2

��rpj � pcmj � 
 hj
jpcmj j

;
rpj 
 pcmj
jpcmj j

�
(38)

It should be noted that the interval between the initial true
anomalies is almost equal to 2�=N, but has slight difference to form a
circular record disk orbit, depending on the orbital radius and
eccentricity.

III. Libration Synchronization Using Kuramoto Model

DFC is one of chaos control methods and has been widely applied
to many applications. This control method is effective in stabilizing
chaotic motions to a periodic motion, but needs to record the past
data. Recording past data is undesired for space systems, because
memory resources are limited in such systems. To overcome this
problem, we propose Kuramoto model-based control methods to
synchronize the librational motion of CEDTS.

The Kuramoto model is a mathematical model that can be used to
describe synchronized behavior of a large set of coupled oscillators,
such as chemical and biological oscillators, and many other appli-
cations. This model usually makes the following three assumptions:
1) there is weak coupling; 2) the oscillators are identical or nearly
identical, and 3) interactions depend on the phase difference between
each pair of objects. The most popular form of the Kuramoto model
has the following governing equations:

d
i
dt
� 	i �

K

N

XN
j�1;j≠i

sin�
j � 
i�; i� 1; 
 
 
 ; N (39)

In this model, the phase difference is used to give the feedback to
the systems. If the force among the systems is attractive, the phase
difference among the systems becomes zero gradually, that is, the

X

Y

1Ω
2Ω

3Ω

Fig. 6 Longitude of the ascending node of the system on the record disk

orbit.

x
y

z

1

2

3

Fig. 7 Constellation flight with the same phase argument interval on a

record disk orbit.
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oscillation of all the systems is gradually synchronized. On the other
hand, the force among the systems is repulsive, the phase difference
among the systems becomes the same, that is, the oscillation of all the
systems gradually converges to the one with a bias phase difference
between each other.

To apply the Kuramoto model to the librational control of the
CEDTS, we need to consider which component of the CEDTS
corresponds to the phase argument 
i in the Kuramoto model. In
addition, to design good controllers, we should take into consid-
eration that DFC for librational motion of TSS presented in the past
papers showed good ability to stabilize chaotic motions to a periodic
motion.

The DFC methods applied to the in-plane librational control of
EDT are often expressed as

I � Kdfc� _��t� � _��t � ���

It should be noted that librational angular velocity was used as the
control signal to determine the control input of the DFC in past
studies, while the control signal in the Kuramoto model is the
difference between the phase arguments of system’s motion.

Although there is a difference between the above two control
methods, if the angular velocity difference in a delayed feedback
control is interpreted as a kind of phase difference corresponding to
that of the Kuramoto model, the above two controllers become very
similar. It is natural that the chaos controllers have similarity because
their objective is basically the same, that is, to stabilize chaotic
motions to a periodic motion.

To consider the periodic librational motion as a simple oscillation,
the phase arguments 
1j and 
2j, which will be used in the Kuramoto

model-based controller, are defined using �max,
_�max, �max, _�max, �j,

�j, _�j, and _�j, as


1j :� atan2� _�j= _�max; �j=�max� (40)


2j :� atan2� _�j= _�max; �j=�max� (41)

as shown in Figs. 8a and 8b.
In this paper, we consider a triangle formation flight of EDT

systems, that is, the number of the EDT systemsN is set to three. By
taking into account that the librational motion of each tethered
system has a bias phase argument of 2�=N, the following two
Kuramotomodel-based control methods are considered to determine
the time-varying electrodynamic parameter "i for each electro-
dynamic tether which is intended to keep the phase difference of in-
plane/out-of-plane librational motion between each electrodynamic
tethered system to 2�=3.
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Fig. 8 Definition of phase arguments � for the Kuramoto model-based control methods.
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Kuramoto Model-Based Control-1

"1 � Kfsin��
12 � �� � 
11� � sin��
13 � �� � 
11�g
"2 � Kfsin��
11 � �� � 
12� � sin��
13 � �� � 
12�g
"3 � Kfsin��
11 � �� � 
13� � sin��
12 � �� � 
13�g

(42)

Kuramoto Model-Based Control-2

"1 � Kfsin��
22 � �� � 
21� � sin��
23 � �� � 
21�g
"2 � Kfsin��
21 � �� � 
22� � sin��
23 � �� � 
22�g
"3 � Kfsin��
21 � �� � 
23� � sin��
22 � �� � 
23�g

(43)

where � is the bias phase argument, which should be set to 2�=3 for
the case of the triangle formation flight.

Note that the magnitude of the control input determined by the
Kuramoto model-based control is always limited within 2K, because
it is given by K�sin� � � sin� ��.

IV. Numerical Simulations

A. Periodic Solutions

To demonstrate the effectiveness and validity of the proposed
control schemes, numerical simulations are carried out. Orbital
radius and eccentricity are chosen as a� 7500 km, and e� 0:001,
respectively. In this case, the radius of the record disk is determined
as � � 2ae� 15 km. The inclination for the record disk orbit must

be i�
���
3
p
e, thus, the inclination is set to i� 0:001732 rad.

First, we obtain the periodic motion of one tethered system for the
above case without any electrodynamic interation, "� 0, that is,
periodic solutions for the gravity gradient tethered system, using
Newtown–Raphson method. Figures 9a–9c show the trajectories of

the obtained periodic motion in the �- _� plane, �- _� plane, and the �-�
plane, respectively. It is shown in the figures that themagnitude of the
trajectories is small, and that the trajectory in the in-plane phase plane
looks rectangular. In addition, the trajectory in the �-� plane is
asymmetric with respect to the origin, and looks like mathematical
symbol ^. This periodic motion corresponds to a 2�-periodic

Table 1 Simulation parameters

for the orbital elements

EDT-1 EDT-2 EDT-3

$, rad 3�=2 3�=2 3�=2
�j, rad 0 2�=3 4�=3
Initial �j, rad 0 �2:096127 2.096127
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Fig. 11 Moduli vs control gain for the 4�-periodic solution.
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solution given in [23–25], and is likely to change to another motion
whose shape in the in-plane and out-of-planes is upside down.
Therefore, it may be difficult to apply the Kuramoto model-based
control methods to this periodic solution, because the Kuramoto
model assumes systems, each of which has a simple oscillation that
could be represented as a circular trajectory in the phase plane. This
feature is the limitation of the control methods based on the
Kuramoto model when they are intended to be applied to stabilize
certain periodic librational motions that do not correspond to simple
oscillations.

Figures 10a–10c show the trajectories of another periodic motion,

in the �- _� plane, �- _� plane, and �-� plane, respectively. The
magnitude of trajectories is much greater than that of the previous
periodic motion. The trajectory in �-� is symmetric with respect to
the origin, and looks like number eight. This periodic solution is the
same as those presented in the past studies [23–25]. In this periodic
solution, the in-plane tether angle oscillates twice during period
when the out-of-plane tether angle oscillates one. This periodic
motion corresponds to a 4�-periodic solution, because tether angles
return to the origin in this periodic motion when the center of mass of
the system completes orbital motion of two orbits. During true
anomaly change of 4�, the in-plane tether angle oscillates 6 times,
and the out-of-plane tether angle oscillates 3 times. Contrary to the
above 2�-periodic solution, this 4�-periodic motion could be easily
maintained by a Kuramoto model-based control, because the
trajectories of this periodic motion are symmetric, and their motions
are simple oscillations. This expectationwill beverified by numerical
simulations. Because the tethered system almost points to the vertical
line, and does not widely librate in the 2�-periodic solution,
hereinafter, we only focus on the 4�-periodic solution.

Table 2 Simulation parameters for the tether angles

EDT-1 EDT-2 EDT-3

Initial �i, rad 0.152856 0.144627 0.145055
Initial �i, rad 0.242423 0.205312 0.283360

Initial _�i, rad=s �0:001036 �0:001047 �0:001049
Initial _�i, rad=s �0:001770 �0:001755 �0:001762
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B. Stability Analysis of the Kuramoto Model-Based Control Methods

Referring to the obtained periodic trajectories, the parameters

�max,
_�max, �maxj

and _�maxj
for the 4�-periodic solution are

determined as �max � 0:528608 rad, _�max � 0:002858 rad=s,�max�
1:277341 rad, and _�max � 0:001813 rad=s. The argument of
perigee and longitude of the ascending node are set as listed in
Table 1, then the initial true anomaly is determined for each tethered
system.

To appropriately choose the control gain for the Kuramoto model-
based control, here we analyze the stability of the control methods in
accordance with Floquet’s theorem. Monodromy matrix is a matrix
to express how much the state variables that are slightly perturbed
from a periodic motion diverge from or converge to the periodic
motion after one period of the periodicmotion, and themodulus is the
absolute value of a complex eigenvalue of the monodromy matrix. If
all the moduli of eigenvalues of the monodromy matrix are less than
or equal to one, then the periodic solution will not diverge, while
there is at least one muduli greater than one, then the system will
diverge as time increases.

The monodromy matrix for the closed-loop system of the
Kuramoto model-based control methods is obtained as M��� by
integrating the following couple of equations over a period of t 2
�0; ��

_x� f�x�t�; "�x�� (44)

_M�
�
@ �f

@ �x

�
M (45)

with the initial conditions x�0�, that is, the initial values in the
periodic solution, and M�0� � I12�12, that is, an eigenmatrix with
dimension of 12 � 12. If all the moduli of the monodromy matrix
M��� are smaller than, or equal to unity, then the Kuramoto model-
based control method will be able to keep the periodic solutions.

Figure 11 shows the moduli of eigenvalues of the monodromy
matrix for the closed loop of the Kuramoto model-based control
methods. Although the dimension of the monodromy matrix is 12,
the number of individual moduli is 4 or 5. This is because the three
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tethered systems in the CEDTS are identical, then moduli appear in
form of degeneracy. When the number of moduli is 5, the moduli
contains an effect of the true anomaly variation, because in this study
the equations of motion for the total systems are calculated by
treating time as the independent variable, but not the true anomaly.

For the Kuramoto model-based controller-1, one of the moduli
becomes greater than unity when the control gain K is greater than
about 0.1. In addition, it is found that when the control gainK � 0:8,
a bifurcation occurs where one modulus less than unity splits into
two, one of them becomes greater than unity, and the other one keeps
less than unity. Similarly, two of themoduli for the Kuramotomodel-
based controller-2 are greater than unity when the control gain K is
greater than about 0.4, while the excess rate for the Kuramotomodel-
based controller-2 is smaller than that of the controller-1. When the
control gain is K � 0:9, a bifurcation of moduli occurs for the
controller-2. The reason why the excess rate for the controller-2 is
slower than that of the controller-1 can be explained as follows. For
the case of the controller-2, the electrodynamic parameters are
determined from the out-of-plane tether motion, while the Lorentz

force has an effect towards in-plane direction. On the other hand, for
the case of the controller-1, the electrodynamic parameters are
determined from the in-plane motion that has the same direction as
that of the Lorentz force effect.

By taking into the stability analysis into consideration, to study the
effect of the control gain on the periodic librational motion of the
clustered electrodynamic tethered system, we have selected two
control gains for the following numerical simulations;K � 0:01, and
K � 0:4. When the control gainK � 0:01, the maximummodulus is
j�j � 1:0008 for the controller-1, and j�j � 1:001 for the controller-
2. On the other hand,when the control gain isK � 0:4, themaximum
modulus is j�j � 1:059 for the controller-1, while j�j � 1:012 for the
controller-2. The moduli are slightly greater than the unity for the
control gainK � 0:01, but the excess is very small. As the results of
stability analysis, we predict that the librational motion can be kept
around the 4�-periodic motion for the case of K � 0:01, whereas
they will gradually diverge from the periodic motion for the case of
K � 0:4. This prediction will be verified by the following numerical
simulations.
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C. Numerical Results of the Kuramoto Model-Based

Control Methods

Taking into account the bias phase argument �� 2�=3, the initial
angles and angular velocities are selected, as listed in Table 2 for the
4�-periodic motion. Note that to give slight perturbation at the initial
time, the initial tether angles of EDT-2 and EDT-3 are set not to be
symmetric with each other.

As the results of the combination of control methods, and control
gains, we have considered the following four cases:

1) Case-1: Kuramoto model-based control-1 with control gain
K � 0:01

2) Case-2: Kuramoto model-based control-2 with control gain
K � 0:01

3) Case-3: Kuramoto model-based control-1 with control gain
K � 0:4

4) Case-4: Kuramoto model-based control-2 with control gain
K � 0:4

We have calculated the tether motions for 100 orbits or until the
state variables diverged, using the fourth order adaptive stepsize

controlled Runge–Kutta scheme, or ode45 provided by
MATLABTM. The results of numerical simulations corresponding
to the above four cases are shown in Figs. 12–15. In those figures,
trajectories in the ��; �� plane and time responses of the electro-
dynamic parameter " are shown for each tethered system.

We can see in Fig. 12 that the 4�-periodic motion was maintained
by the Kuramoto model-based control-1 with control gainK � 0:01.
The electrodynamic parameter resulting from the Kuramoto model-
based control-1 changedwith combination of one orbit and harmonic
periods of 4�-periodic motion (2 orbits), i.e, 10 orbits. Asmentioned
above, this is because the librationalmotion of the tethered systems in
elliptic orbits is chaotic, thus not only the period of periodic motion
(2 orbits), but also harmonic periods of the periodic motion could be
contained in the system. It is not easy to predict this long period of
about 10 orbits in the oscillation of electrodynamic parameters " from
the results of linear stability analysis.

The results for case-2 are shown in Fig. 13. Similar to the results
for case-1, the 4�-periodic motion was successfully kept by the
Kuramoto model-based control-2 with control gain K � 0:01.
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However, contrary to the results for case-1, the magnitude of the
librational motions of electrodynamic tethered systems 2 and 3
gradually becomes greater than that for case-1. This is because as
mentioned above themaximummodulus for the controller-2with the
control gainK � 0:01 is slightly greater than that of the controller-1
with the same control gain. In addition, the electrodynamic param-
eters oscillate with combination of a period of one orbit and about a
period of 18 orbits. This longer period of 18 orbits is different from
that for case-1, but both the periods are harmonic period of the
periodic motion. This long period for the controller-2 withK � 0:01

was not predicted before the numerical simulations, and it may
depend on the control gain and nonlinear characteristics of the
system. We will have to analyze the dependency of this long period
on the control gain and other parameters in near future.

Furthermore, it is interesting to see that the time responses of two
electrodynamic parameters seem to be in antiphase with each other
during some duration, i.e., "1 and "2 between 60 and 80 orbits for
case-1. This may imply that phase arguments of the electrodynamic
tethered systems 1 and 2 during the above duration are vibrating
against that of the EDT-3. A similar phenomena was observed in the
time responses of "1 and "2 between 70 and 100 orbits for case-2. This
motion can be regarded as one of vibration modes, and another mode
could appear, depending on simulation parameters and initial
conditions.

Contrary to cases-1 and 2, the 4�-periodic motions diverged soon
after a few orbits for cases-3 and 4, as shown in Figs. 14 and 15. This
is because one of the moduli is greater than unity for the Kuramoto
model-based controlmethodswith control gainK � 0:4, as shown in
Figs. 11a and 11b. In accordance with Floquet’s theorem, the
periodic motion cannot be maintained by any controller if one
modulus greater than unity exists in the system.

As the final figure, the 4�-periodic librational motion of the
clustered electrodynamic tethered satellite systems is shown in
Fig. 16, along with the trajectory of the periodic motion and the
record disk orbit. As shown in Fig. 16, the center of mass of the
tethered system is located on the record disk orbit with the same
phase argument interval, tether angles of each system are not the
same at the initial time, and their interval is about 2�=3 in the phase
plane.

These results show that the Kuramoto model-based control
methods are capable of synchronizing librations of the clustered
electrodynamic tethered systems that behave with a 4�-periodic
solution for the case that electrodynamic parameters are determined
by the phase argument of the periodic motions and the control gain is
chosen appropriately from the results of stability analyses based on
Floquet’s theorem.

V. Conclusions

In this paper, a new configuration of electrodynamic tether system
called CEDTS has been proposed, which keeps multiple electro-
dynamic tethered systems constrained to a “record disk” orbit. This
configuration can be regarded as a formation flight configuration
both toward in-plane and out-of-plane direction, because it inherits
advantages from the formation flight satellites set on a record disk
orbit, and tethered systems.

To synchronize the librational motion of CEDTS, the Kuramoto
model has been applied to determine the electric current on the
tethers. In this study, two kinds of Kuramoto model-based control
methods were considered. The control input for the first control
method is determined from the phase argument of the in-plane
motion, and for the second one from that of the out-of-plane motion.
The Kuramoto model-based control methods were applied to a
4�-periodic motion.

The results of numerical simulations have shown that the 4�-
periodic motion was successfully synchronized among the electro-
dynamic tether systems by the proposed Kuramoto model-based
control methods with the appropriately chosen control gain.

The dumbbell model used in this study to represent each
electrodynamic tether system is, however, simple, and the center of
the record disk is assumed to orbit on the equator plane. These
assumptions are not always necessary. Only two cases were studied
for the control gain in this study. Thus, a more realistic model, which
includes tether flexibility, inclination for a record disk orbit, and so
on, and dependency of the oscillations among the electrodynamic
parameters on the control gain, will have to be studied in the future.
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